Fault-tolerant quantum communication with rare-earth elements and superconducting circuits 
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We present a scheme for quantum communication that involves the distribution of a topological cluster state 
throughout a quantum network. Photon loss and other errors are suppressed by optical multiplexing and entan- 
glement purification. We discuss implementation of an individual node composed of Erbium spins (single atom 
or ensemble) coupled via flux qubits to a superconducting resonator, allowing for deterministic local gates, 
stable quantum memories, and emission of photons in the telecom regime. 
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Quantum communication is predicated on the ability to 
quickly and reliably entangle two or more quantum systems 
that are separated by geographically large distances What 
makes quantum communication difficult is that photons are 
easily lost during transmission, due to attenuation in optical 
fibers and inefficient optical coupling. Although photon loss is 
expected to predominate, other sources of error such as deco- 
herence and imprecise quantum control may ultimately limit 
the entanglement fidelity. Schemes for quantum communica- 
tion should account for all such sources of error without plac- 
ing unreasonable demands on the complexity or accuracy of 
the hardware. This property is also desirable for distributed 
quantum computation, in which a number of small arrays of 
qubits are connected to form a quantum computer that is large 
enough to solve interesting problems. 

It has long been known that reliable quantum communica- 
tion is possible using a network of relatively simple devices 
known as quantum repeaters, analogous to how optical am- 
plifiers are used for classical communication 0-01 ■ The com- 
munication channel is divided into short segments, pairs of 
qubits in adjacent nodes are entangled with high fidelity J5r- 
7[], and the range of entanglement is extended to the endmost 
nodes HI]. The basic elements of such a scheme have been 
demonstrated in the laboratory Jg - 12 ] . However, in a practi- 
cal setting, the coherence time of the quantum memories in 
the system will limit the communication distance and the ac- 
curacy of the quantum gates at the nodes will limit the en- 
tanglement fidelity 111311 . Recently, a number of alternatives 
to the orthodox repeater network have been considered, in- 
cluding schemes based on graph states HEland schemes 
that incorporate fault-tolerant error correction 1U6I418I1 . Error 
correction could, for example, extend the effective lifetime of 
quantum memories during communication. 

Quantum communication will soon scale beyond the labo- 
ratory, but theoretical and experimental work on fundamental 
components should be informed by coherent and comprehen- 
sive designs for schemes for quantum communication that ac- 
count for all sources of error. In particular, if a scheme for 
quantum communication adheres to the principles of fault tol- 
erance, efficient and reliable communication over arbitrarily 
long distances is possible, but only if photon loss and other 



errors are below certain thresholds, as per the threshold the- 
orem of quantum computing 111 911 . As such schemes emerge, 
it is important to identify physical systems that meet the re- 
quirements of scalability, to establish threshold error rates for 
the fundamental components, and to understand the associated 
performance and resource requirements. 

Here, we study a scheme for quantum communication that 
combines aspects of traditional repeater networks with fault- 
tolerant error correction. The foundation of the scheme is opti- 
cal multiplexing, which reduces the effective loss rate between 
nodes 12011 . Then, purification is used to increase the fidelity 
of entanglement between nodes II 1311 . Combining these tech- 
niques significantly lessens the requirements on the commu- 
nication channel. Finally, topological cluster-state error cor- 
rection I2UI22II is applied to ensure that communication over 
large distances is reliable. Topological cluster-state error cor- 
rection requires low connectivity but exhibits a relatively high 
threshold M23I1 . making it suitable for implementation in a vari- 
ety of physical systems. After accounting for photon loss and 
errors arising from the communication channel (^80% and 
~10% per qubit, respectively) and errors arising from local 
gates (~0. 1 % per gate), we find that the scheme is scalable to 
large distances at an end-to-end rate of ^kHz with about fifty 
qubits per node. We discuss implementation of an individual 
node composed of Erbium spins (single atom or ensemble) 
coupled via flux qubits to a superconducting resonator. 

Physical details — In general, a scheme for quantum com- 
munication requires a way to transmit quantum information 
between nodes and a way to process that same information at 
the nodes. Hybrid systems, which marry photonic qubits with 
matter qubits, are natural candidates to consider 112411 . Here, 
we consider an emitter-receiver model, in which a matter qubit 
with an optical transition is placed in a cavity coupled to an 
optical fiber. Our scheme requires quantum memories that are 
stable over multiples of the two-way time of flight between 
adjacent nodes. Also, it requires deterministic local gates and 
transmission in the telecom regime. 

To meet these requirements is challenging, so we turn our 
attention to an unusual candidate. Superconducting systems 
have emerged as promising devices for quantum computing 
1 2511 . Here, we propose that each node contain a number of 
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FIG. 1. Scheme for quantum communication, (a) Communication is 
achieved by transmitting logical qubits through a topological cluster 
state. Logical qubits are denned by the region T>, wherein qubits are 
measured in the Z basis. Qubits in the region V are measured in 
the X basis to enable error correction, (b) The connectivity of the 
network mimics the structure of the topological cluster state, Ct op - 
There is one cluster-state qubit per node, and gates between qubits in 
adjacent nodes are performed using purified entangled pairs, (c) The 
architecture of the nodes features Erbium spins, where local gates are 
performed using superconducting qubits and resonators. 



gap-tuneable flux qubits 11261 12711 coupled to a resonator (LC 
resonator, high-Q superconducting coplanar resonator) 12811 . 
Each qubit can be brought into and out of resonance with 
the resonator as required. The Jaynes-Cummings interaction 
permits an is WAP interaction between the flux qubit and the 
resonator. A sequence of operations permits a deterministic 
entangling gate between two flux qubits in the same node. 
Josephson bifurcation amplifiers can be used to perform fast, 
high-fidelity, single-shot measurements [29]. One of the ad- 
vantages of this approach is that the flux qubits can be far de- 
tuned from the resonator, effectively turning off the interaction 
and avoiding significant crosstalk. We are, however, limited to 
having only one flux qubit interacting with the resonator at a 
time. Sequential interactions might limit the scalability of the 
system for some applications in quantum computing, but our 
requirements are less stringent. The duration of an entangling 
gate is expected to be 150 ns. 

Aside from the ability to perform local gates, we need a way 
to couple qubits in adjacent nodes — that is, we need to inte- 
grate the flux qubits with the optical cavity qubits. Recently, 
strong coherent coupling between a flux qubit and an ensem- 
ble of electron spins has been demonstrated with nitrogen- 
vacancy (NV) centers in diamond Ir30ll . The electron spin en- 
semble couples to the flux qubit at 2.88 GHz. NV centers 
in diamond also have an optical transition, but at 637 nm it 
is outside the telecom band. However, coupling between a 
rare earth element and a microwave resonator has also been 
demonstrated 13 ll 13211 . Er 3+ spin qubits (either one or an en- 
semble) doped in a Y2SiC>5 crystal can couple to the flux 
qubit-resonator system using a magnetic field to induce en- 
ergy splitting. The flux qubit-resonator system can then be 
used to perform local gates between different Er 3+ qubits, 
which will serve as quantum memories in our scheme. Fur- 
thermore, Er 3+ has a 4 1 I5 / 2 — 4 I13/2 transition in the telecom 
C-band (at ^1540 nm) allowing coupling between an optical 
field and the electron spin as required 13311 . 



Quantum multiplexing — With a hybrid system at each 
node, we can generate entanglement between a pair of cav- 
ity qubits in neighboring nodes in a simple way 12011 . First, we 
prepare both qubits in the state ( 1 0) + 1 1) ) / \/2. Then, we cou- 
ple a single photon to both qubits and send it to a detector. De- 
tection heralds an entangled state (|01) + \lQ))/\/2. In prac- 
tice, if the node separation is 10 km, loss due to attenuation 
and inefficient sources, detectors, and coupling is expected to 
exceed 80%. Simply repeating until success is, in principle, 
sufficient for quantum communication and distributed quan- 
tum computation J^S]. However, every additional attempt ex- 
tends the time over which quantum memories are required to 
be stable and slows the rate of communication. 

Instead, multiplexing can reduce the effective loss rate be- 
tween nodes with a modest increase in complexity 



3711 . At the first node we couple a number of photons with 



a number of qubits, effectively initiating several attempts to 
generate entanglement at once. Then, these photons are tem- 
porally multiplexed and transmitted to the second node, pre- 
ceded by a classical herald. When the herald is received, the 
first photon is coupled with a qubit at that node. As before, 
the photon is sent to a detector. However, in this case, if the 
photon is lost, the qubit is re-prepared in time for the second 
photon, and so on until a success is reported. Once that qubit 
is entangled the remaining photons are sent to another qubit, 
and so on until all incoming photons have been depleted 15211 . 

It is important that multiplexing be tolerant of the various 
errors that can arise. By design, photon loss is tolerated. An 
error during preparation of the cavity qubits or an error due to 
decoherence of the quantum memories during transmission of 
the photons will simply lower the fidelity of the entanglement 
in the event that the attempt succeeds. Such an error cannot 
affect more than one pair of qubits that is eventually accepted, 
so, for these errors, attempts are effectively independent. Mea- 
surement errors might not be so benign. If an attempt to gen- 
erate entanglement is successful but the photon is not detected 
due to a measurement error, then the pair of qubits is rejected 
as if the photon was lost. However, in the case of a dark count, 
we might accept a pair of qubits that are not, in fact, entan- 
gled. Thus, we require single-photon detectors that are reli- 
able enough so that the cumulative probability of a dark count 
during a multiplexed series of attempts does not limit the fi- 
delity of the entanglement. Recent results suggest that this can 
be achieved ll38tl . Ultimately, we are left with a number of en- 
tangled pairs of fidelity F shared between adjacent nodes in 
the network. 

Entanglement purification — Next, to increase the fidelity of 
entanglement between adjacent nodes, we turn to purification 
|0-0|. By executing a bipartite circuit, a number of entangled 
pairs can be purified to a single pair of higher fidelity, condi- 
tional upon a set of measurement results. Purification requires 
classical communication between the two nodes to coordinate 
the conditioning. Successive rounds of purification can be per- 
formed, using already purified pairs, until sufficient fidelity 
is achieved. This process can be structured in various ways 
in order to, for example, maximize the rate at which entan- 
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FIG. 2. Output fidelity, F', and reliability, 1—/', as a function of input 
fidelity, F, for purification based in error-detection (ED) and error- 
correction modes (EC), where I' is the probability that purification 
fails to produce an entangled pair. Solid lines are for perfect local 
gates and dashed lines are for local gates with an error rate of 0.1%. 
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FIG. 3. Results of numerical simulation of topological error correc- 
tion for various code distances, d. A lattice of d x d x d unit cells 
is associated with a distance-d code that may fail for > \d/2] er- 
rors. The inset shows the threshold as a function of the fraction of 
discarded CZ gates during preparation, I' . 



glement is purified or minimize the number of pairs that are 
consumed 0911 . Here, we will consider a variation of purifica- 
tion based on Calderbank-Shor-Steane error-correction codes 



I13|,|40j]. For an [[n, k, d]] code, n entangled pairs are required 
for each round. For codes with d > 2, we can attempt to cor- 
rect errors (error-correction mode) instead of simply detecting 
them (error-detection mode). Figure 2 shows the performance 
of purification for various codes in both modes. At this point 
we make the assumption that the error rate of the local gates 
is 0.1%. For an initial fidelity F = 0.900, two rounds of the 
[[4,1,2]] code results in a final fidelity F' = 0.997, while one 
round of the [[5,1,3]] results in a final fidelity F' = 0.993. 
This is a greater increase in fidelity per round than for stan- 
dard two-qubit purification. 



Topological error correction — With high-fidelity entangle- 
ment between adjacent nodes, we want to efficiently estab- 
lish entanglement of arbitrary fidelity that spans the entire net- 
work. To do this, we use fault-tolerant error correction. Of the 
many schemes for error correction, topological cluster-state 
error correction is particularly promising, since it tolerates a 
relatively high rate of physical errors while being local in a 
three-dimensional setting. 12 ll 12211 . The main ingredient of the 
scheme is the topological cluster state shown in Fig. 1(b). One 
way to prepare such a state is to initialize each qubit in the 
|+) state then to apply CZ gates between neighboring qubits. 
In our case, the topological cluster state is prepared with one 
qubit per node. CZ gates are executed using the entangled pairs 
shared between adjacent nodes 114 111 . 

Once the state is prepared, communication proceeds with a 
sequence of single-qubit measurements. The state is divided 
into regions that determine the appropriate measurement ba- 
sis. Logical qubits are defined by regions of the state mea- 
sured in the Z basis. It is these logical qubits that are trans- 
mitted from one end of the network to the other. The rest of 
the qubits are measured in the X basis to obtain a syndrome. 
Error correction involves finding the most likely set of errors 
that is consistent with this syndrome l2lt - l23ll . For error rates 
below a certain threshold value, increasing the distance of the 
code by increasing the extent of the topological cluster state 
will decrease the likelihood of logical errors. 

Since the cluster state is distributed throughout the network, 
the CZ gates rely on the availability of entangled pairs. It is 
possible to allocate enough resources when generating entan- 
gled pairs to ensure that the probability that a CZ cannot be 
performed is lower than its error rate. Then, errors due to un- 
reliable CZ gates are managed like unknown errors. However, 
because they are heralded, these unreliable gates are easier to 
manage 112 311 . If an entangled pair is unavailable, the CZ gate is 
discarded and the associated qubits are treated as if they were 
lost. Then, the lattice is deformed to avoid the lost qubits and 
error correction proceeds. This introduces a trade-off between 
the fraction of CZ gates that are discarded and the threshold 
error rate of the remaining gates 112 311 . 

We simulate a topological cluster state with periodic bound- 
ary conditions in all three dimensions 115 311 . Figure 3 shows the 
logical failure rate as a function of the CZ error rate for various 
code distances, where we assume that the error rate of prepa- 
ration and measurement of qubits at the nodes is 0.1% and 
that CZ gates between nodes are completely reliable. We ob- 
serve a threshold error rate of approximately 0.83%. The inset 
to Fig. 3 shows the expected tradeoff between the fraction of 
discarded gates and the threshold. In Ref. 12311 . the threshold 
for lost qubits is found to be 24.9% , eq ual to the threshold for 
bond percolation on a cubic lattice 14211 . Here, the correspond- 
ing threshold for the fraction of discarded gates is approxi- 
mately 5%. The threshold in Ref. l23ll is higher because loss 
is assumed to occur only at the beginning (or end) of prepara- 
tion. In our case, qubits are effectively lost (due to discarded 
gates) at intermediate times. 

Performance and overhead — To determine the overhead of 
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TABLE I. Number of round-trip times, Nr, required to generate an entangled pair between adjacent nodes with the target fidelity, given initial 
entangled pairs of fidelity F generated with probability 0.2. Each node contains q matter qubits able to be coupled with deterministic local 
gates with error rate pi oca i. and I' is the maximum allowed probability that an entangled pair is not generated. * indicates that one round of the 
[[4,1,2]] code is used, ** indicates that two rounds of the [[4,1,2]] code are used, and + indicates that one round of the [[5,1,3]] code is used. 



our communication scheme we must consider the combina- 
tion of multiplexing, purification, and error correction. The 
threshold error rate sets the target for the error rate of CZ 
gates between nodes, which in turn sets the target for the fi- 
delity of entangled pairs after multiplexing and purification, 
after accounting for the fact that entangled pairs will not al- 
ways be available. If this target fidelity is met, then we can 
decrease the logical failure rate arbitrarily by increasing the 
extent of the cluster state, thereby allowing reliable commu- 
nication over arbitrarily large distances. How best to allocate 
resources to multiplexing and purification depends on phys- 
ical parameters such as the distance between nodes, rate of 
photon loss, and the accuracy of the local gates. Here, we as- 
sume that our nodes are separated by L =10 km (correspond- 
ing to a round-trip time of flight of Tr = 0.1 ms) and that 
the probability of successfully establishing a raw, entangled 
pair between two adjacent nodes (before multiplexing) is 20% 
1 5411 . This efficiency is beyond present experimental capabili- 
ties, but will be useful to illustrate our scheme. 

Table U outlines several strategies to generate entangled 
pairs that meet or exceed the target fidelity using combinations 
of the [[4,1,2]] and [[5,1,3]] codes in error-detection mode for 
various values of the initial fidelity, F, and the local gate er- 
ror rate, pi oca i. As an example, assuming that F = 0.907 and 
Piocai = 0.0008, with q = 16 (q = 64) qubits per node, Nr = 
18 (Nr = 3) multiples of the round-trip time are required to 
generate entanglement of sufficient fidelity using one round of 
the [[5,1,3]] code. The rate per second at which pairs are gen- 
erated between adjacent nodes is R = 1/(NrTr) = 10 /Nr. 
For q = 16 (q = 64), R ~ 0.5 kHz (R ~ 3.3 kHz). With- 
out additional qubits, schemes that require more than one suc- 
cessful round of purification achieve a significantly lower rate. 
There is a clear tradeoff between R and q, and more accurate 
local gates mean that fewer successful rounds of purification 
are required. Our calculations assume worst-case behaviour, 
and it is likely that R could be optimized with more careful 
scheduling. Ultimately, the communication rate is limited by 
the time to prepare the cluster state, which is ~ 4Tr. Quantum 
memories must be stable over this time, but this requirement 
is independent of the total communication distance. 

Discussion — As our scheme is based on fault-tolerant er- 



ror correction, it is not surprising that the requirements on the 
local gates are quite stringent. Superconducting circuits and 
quantum memories have not achieved this level of accuracy 
yet, but progress towards this goal has been made. Error rates 
of quantum gates in superconducting circuits are approaching 
values as low as one percent 114311 . Similarly, quantum mem- 
ories are being engineered with increasing stability 11441 |45 1 . 
It may be possible to ease the requirements on these com- 
ponents by increasing the number of qubits per node. Simi- 
larly, a scheme based on postselected error correction might 
lead to a higher threshold 14611 . On the other hand, it would 
be interesting to study a scheme with only a few qubits per 
node. This would introduce more non-deterministic elements, 
thereby lowering the threshold Studying these and 

other schemes will be helpful in the search to strike the cor- 
rect balance between the complexity and accuracy of the hard- 
ware to enable quantum communication over large distances. 
Lastly, our scheme enables universal quantum computation. In 
this context, node separation may be shorter and photon loss 
less severe. This makes our scheme a promising starting point 
for the study of fault-tolerant quantum computation in hybrid 
systems based on a resonator-ensemble interaction. 

We recently became aware of a closely related manuscript 
that also proposes the distribution of entanglement using a 
topological cluster state. See Long range failure-tolerant en- 
tanglement distribution, Ying Li, Sean Barrett, Thomas Stace, 
and Simon Benjamin. 
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Supplementary material 

Here we describe two-qubit gates between qubits in the 
same node. The relevant system comprises two rare-earth 
qubits (either single atoms or ensembles) prepared in the states 
| a) = arj|0) + Oi|l) and \b) = 6q|0) + &i|l), two gap-tunable 
flux qubits, |/i) and I/2), initially prepared in the ground state, 
and a resonator, \r), in the vacuum state. The flux qubits are 
off resonance with both the rare-earth qubits and the resonator. 
Our initial state is 

|a)|/x)|r)|/ 2 )|6) = |a)|0)|0)|0)|6). (1) 

The gate begins by exciting the first flux qubit, |/i), from the 
ground state, |0), to the excited state, 1 1), while it is far off res- 
onance with both its rare-earth qubit and resonator. Then, the 
flux qubit is quickly moved into resonance with the resonator 
for a short time to create the entangled state 

|/ 1 )|r)=|l)|0) + |0)|l), (2) 

then moved out of resonance again. The second flux qubit is 
brought into resonance with the resonator until the SWAP gate 
exchanges the excitation between the resonator and flux qubit 
(this takes twice the entangling time), then moved out of res- 
onance again. After a single-qubit rotation on the first qubit 
(which can be done in parallel with the previous step), we 
have generated the entangled state of the flux qubits 

|/i)|/ 2 > = |0>|0) + |l)|l), (3) 

with no population in the resonator. 

Next, the state of the flux qubits is used to perform an ef- 
fective CZ gate between the rare-earth qubits. First, both flux 
qubits are brought into resonance with their respective rare- 
earth qubits to allow a dispersive interaction. This interac- 
tion generates a CZ between each pair of flux qubit and rare- 
earth qubit, so a four-qubit entangled state is prepared. Then, a 
Hadamard rotation on each flux qubit and measurements in the 
computational basis project the rare-earth qubits to the state 

a |0)6 |0) + a |0)6i|l) + oi|l)6o|0) - ai|l)6 1 |l>, (4) 

up to a known correction. That is, an effective CZ gate has 
been performed between the two rare-earth qubits. This op- 
eration can be completed in approximately 150 ns, assuming 
strong enough coupling between the rare-earth qubits and the 
flux qubits. 



